A parallel algorithm of the non-linear hydrofoil fluid-solid coupling problem is discussed. Based on hydrodynamics and solid mechanics, a variational formula is derived on the mapping plane with a fixed boundary between solid and fluid, and calculated using both parallel finite element method and the finite difference method. The calculation steps of an example are given, and the numerical results of flat hydrofoil are presented.
INTRODUCTION
Solid body moving in water has attracted increasingly interest in the nonlinear fluidsolid coupling research field [1] [2] .It has been studied and analyzed both for fluid and solid body [3] [4] . For most case, nonlinear fluidsolid coupling problems can be solved using numerical methods [5] , such as the finite element method (FEM), the finite difference method (FDM), the finite boundary method (FBM), and the spectral element method (SEM) [6] . Under fluid force, the solid body deforms, result in the boundary change between solid and fluid [7] . Most numerical calculations of nonlinear fluidsolid coupling problems require fixed boundary, in which an initial boundary is given to calculate the solid body displacement, followed by boundary modification [8] [9] . On the new boundary, calculation is repeated and the boundary is modified until convergence [10] . For most numerical methods, the domain of fluid and solid body can be divided into numerical grids [11] . Different boundaries have different grids, the grids must be re-constructed when the solid body displaces. But the grid reconstruction requires more complex calculating code, and consequently more CPU time [12] . Obviously, fixing the boundary problem will bring more efficiency.
On the domain with a fixed boundary, the finite element method is often used to calculate fluidsolid coupling problems [13] . The numerical results can be obtained with a formula of variational principle. However with the domain with an unknown boundary, it is challenge to construct the formula of variational principle for fluidsolid coupling problems. This article is to find a variation principle with an unknown boundary on mapping planes. This paper will show a parallel algorithm to solve non-linear hydrofoil fluidsolid coupling problems. In section I, on a physical plane, the control equation and boundary condition are given for both fluid and solid body. In section II and III, the mapping plane and its control equations are constructed, and the hydrodynamics variational principle is given on the numerical domain with a fixed boundary. In section IV, The parallel algorithms are discussed for both fluid and solid body. In section V and VI, the calculation steps of an example are given, and the numerical results of flat hydrofoil are presented. On the physic plane [ Fig.1 (a) ], the boundary EB is up wall surface. The boundary AC and CT are tail streamline boundaries. The boundary BF is an inflow boundary. The boundary GC and CE are outflow boundaries. The boundary FG is a water bottom. The boundary TLA is the surface of solid body (or hydrofoil).
CONTROL EQUATION AND BOUNDARY CONDITION ON PHYSIC PLANE

Control Equation of Fluid
Suppose water is an ideal fluid, or non-viscosity, in the point (x, y), Let (u, v) be water velocity, p be the pressure, and r be the density of water. The continuity equation of fluid is where g = 9.81 m/s 2 is the acceleration of gravity, B is Bernoulli constant.
Control Equation of Solid
Suppose a solid body is made of elastic material. Let (U, V) be the elastic displacement in the point (x, y), the elastic displacement equation of body is [13] :
where G and H are constant and related to the modulus of elasticity E, respectively.
xx xy xy yy where m is the lateral contraction coefficient. The elastic displacement (U, V) has relation with the elastic deformation e x , e y , g xy , and elastic stress s x , s y , t xy .
( 1.5) and (2.6) where l is constant:
Boundary Condition of Fluid
On the wall surface EB, the velocity v = 0. On the boundary AC and CT, the velocity is the same as for both. On the inflow boundary BF, we take velocity v = 0, and u = u e . On the water bottom FG, the velocity v = 0, and v/u = 0. On the solid surface
On the outflow boundary GC and CE, the velocity (
, the boundary condition of fluid may be rewritten as:
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Boundary Condition of Solid
Suppose tangential vector of line y = f(x) is , and normal vector is . On the boundary LTA of the solid surface, the pressure is p f , then in normal direction , the elastic stress is s n = -p, in the tangential direction . The elastic stress s l = 0 because fluid is ideal. We can obtain the elastic deformation on the boundary LTA:
We know that the solid boundary is y = f(x), then tangential vector and normal vector are , The projection of elastic displacement (U, V) on and are:
Where U l , V n are elastic displacements on normal and tangential direction respectively. The elastic displacement partial derivative satisfies following the equations on the solid body surface:
The elastic displacement (U,V) can be expressed as
CONTROL EQUATIONS ON MAPPING PLANES
Consider its potential flow ability: water can be taken as ideal fluid. Let y be the streamline function that has relation with water velocity (u, v):
Take coordinate transformation
It mappings the Oxy physical plane to the Oxy mapping plane as shown in the Fig. 1 . It is known, the streamline function takes a constant on the upper wall surface, body surface, and the water bottom. Let y 0 be the streamline function on upper wall surface boundary, and y c be the one on the body surface and the tail surface, and y b = 0 be the one on the water bottom. It is easy to see that the boundary is straight line with no change during calculation. The continuity equation can be rewritten as:
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It is easy to get:
From above proof, we also have the following result:
Theorem 2: If streamline function y has second order derivative in the domain A, and water is an ideal fluid, the Bernoulli equation can be rewritten as: 
HYDRODYNAMICS VARIATION PRINCIPLE
According to the theorem 2, the lifting function W can be defined as:
By using Bernoulli equation, the velocity u can be expressed as function of W:
Theorem 4, Suppose the lifting function W has second order partial derivative in domain A, and its boundary is S, then we have hydrodynamics variational principle as: According to the continuity equation, we obtain: By using the derivative formula, we get 
PARALLEL CALCULATION 5.1. Finite Element Method on Fluid Domain
The numerical domain A: -L<x, x<L, 0<y<y 0 , where y 0 is the height of wall surface measured from bottom. The domain A is a rectangle with a straight line boundary, and with no change during calculation. The domain A is decomposed into M sub-domains A k : -L+kh-s<x, x<L+k, 0<y<y 0 . According to the finite element theory, we divide sub-domains into right triangle grids (Fig.2) . There are four kinds of right triangles with width L and height H edges.
Take approximate linear function for each triangle, we obtain:
Where (x 0 , y 0 ) is the value in the vertex point 0. Its derivative is:
It is easy to represent (a, b, c) using width L and high H of the triangle edges, and the lifting function W value on three vertex points. For example, as for the triangle (a) shown in the Fig. 2 , we have Where W(k), k = 0,1,2 are the lifting function values at the triangle vertex.On the triangle grid, velocity u is constant, so we have the following formula:
So that, the integral on triangle (a) is Where HL/2 is the area of a triangle. For all grid nodes on numerical domain A, let W j be the value of lifting function at the vertex of triangle grid, j = 1,2,..,N, the hydrodynamics variational principle may be written as J = J(W 1 , …, W N ), the extreme value of function may be solved from the following equations:
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Finite Difference Method on Solid Domain
In this section, a finite difference method is used to solve the elastic displacement equation of body. Let h x be step length of x, h y be the step length of y, U ij = U(x i , y j ), V ij = U(x i , y j ). The numerical domain B of body is divided to rectangle grids. The derivation of U and V is calculated by the following formula:
The displacement equation of body may be written as 
Where
On the boundary of solid, we have
Where, h n , h l are numerical steps on normal and tangential direction respectively.
Calculation Steps
Although the boundary is fixed in the mapping plane, the above equations are still non-linear and solved by the iterative method. The numerical iterative steps are:
1. calculate the lifting function on mapping plane; 2. calculate pressure p on the boundary of solid body; 3. find the elastic displacement of solid body; 4. modify the boundary of solid body; 5. repeat step (1)-(4), until convergence. In the next section, we will discuss an example: the fluidsolid problem of flat hydrofoil.
FLUID-SOLID INTERACTION PROBLEM OF HYDROFOIL
The simplest example is hydrofoil y = f(x). As shown in Fig.1 , the foil is put in water tunnel, point T and A are the tail points on upper and lower foil surface, respectively. EB is upper wall surface, FG is bottom. We choose the following boundary condition:
(1) On the inflow boundary BF, we take velocity v = 0, and u = u e = 1; (2) On the water bottom FG and top wall EB, the velocity v=0, so that v/u=0. (3) On the solid surface y = f(x), f'(x) = v/u. (4) On the outflow boundary GC and CE, the velocity (u, v) = (u x , v x ) = (1, 0). Let X = (x, y), the boundary condition of fluid may be rewritten as: Consider the mapping plane, (1) on the boundary EB, the velocity v = 0, and differential dy = 0, so that the curve integration on boundary EB is (6.2) (2) On the boundary BF, the velocity u = 1, and differential dx = 0, so that the curve integration on boundary BF is (6.3) (3) On the boundary FG, the velocity v = 0, and differential dy = 0, so that the curve integration on boundary FG is (6.4) (4) On the boundary CT and AC, the velocity (u, v) is as the same as that on both boundary, and differential dy = 0, so that the curve integration on boundary CT and AC is (6.5) (5) On the boundary GC and CE, the velocity u = 1, and differential dx = 0, so that the curve integration on boundary GC and CE is (6.6)
where p ∞ and V ∞ are the pressure and the velocity on the inflow boundary, respectively. Defining the elastic displacement coefficient:
where x L and D are the tail point and the maximum thick of the hydrofoil, respectively; E is the modulus of elasticity, and m the lateral contraction coefficient.
NUMERICAL RESULTS
One numerical example is a flat hydrofoil f(x) = kx, where k = tga, a is attack angle of the hydrofoil with income flow. The numerical parameters are chosen as: the length of hydrofoil is unit, the length from the inflow boundary BF to the head of hydrofoil is 3, the length from the outflow boundary GE to the tail of the hydrofoil is 4, the inflow and outflow velocity u =1, the width of water tunnel is 6, or the streamline function y 0 = 6 on upper wall of tunnel, y c = 3 on the body surface and tail surface, attack angle a = 5 degree. The domain is divided into 16 sub-domains. 16 computers are chosen to perform the calculation tasks. On the fluid domain, the number of grid node is 800 ¥ 600, and on the solid domain, the number of grid nodes is 100*5. The hydrofoil thick is 0.02. Fig.3 shows the pressure coefficient on the hydrofoil, in which there are four lines. The top and lowest lines are the convergence results after the iterative calculation. The other two lines are the initial pressure results. Their absolute value is smaller than the convergence results. The pressure coefficient is zero at the tail point x = 0. Fig.4 shows the convergence elastic displacement coefficient of hydrofoil. Suppose C v (x, K) is the Kth iterative elastic displacement coefficient. C v (x, 1) is the first iterative elastic displacement coefficient. C v (x, *) is the convergence elastic displacement coefficient. DC v = C v (x, *) -C v (x, 1) is the difference iterative elastic displacement coefficient, as shown in Fig.5 , which is compared with the theoretic one [15] . It means the convergence elastic displacement coefficient is larger than first one. Up surface down surface 
CONCLUSIONS
The variational principle given in the paper is an important formula for numerical calculation. This variational principle is constructed on the mapping plane with a fixed boundary between solid and fluid, and it is calculated on the coordination fixed grid during calculation using a parallel algorithm.
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